Abstract. In this note we study the eigenvalue growth of infinite graphs with discrete spectrum. We assume that the corresponding Dirichlet forms satisfy certain Sobolev-type inequalities and that the total measure is finite. In this sense, the associated operators on these graphs display similarities to elliptic operators on bounded domains in the continuum. Specifically, we prove lower bounds on the eigenvalue growth and show by examples that corresponding upper bounds can not be established.
Introduction
The spectral theory of the Laplacian on Euclidean domains and Riemannian manifolds has been intensively studied in the literature, see e.g. [CH53, Cha84, SY94] . In these situations, discrete spectrum for the Laplacian on Riemannian manifolds is known to occur for two reasons. Vaguely one could say the manifold is either "very bounded" or "very unbounded". Precisely, "very bounded" means compact or precompact with suitable boundary conditions and the discreteness of the spectrum of the Laplacian in this case is mathematical folklore. On the other hand, "very unbounded" can be expressed as uniform unbounded sectional curvature growth as was shown by Donnelly/Li [DL79] .
Our interest lies in the analogous question for graph Laplacians. As compact graphs are finite and the corresponding graph Laplacian is a finite dimensional operator, so the discreteness of the spectrum is of course trivial in this case. However, in recent years the investigation of discreteness of spectrum on infinite graphs emerged. The "very unbounded" case can be made precise via notions of curvatures [Kel10, Woj08] or more generally unbounded vertex degree growth under the presence of some type of isoperimetric estimate [BGK15] . More recently, also non-trivial "very bounded" cases in the sense of pre-compactness of the graphs were investigated, [GHK + 15, KLSW17]. These notions can be equivalently described by some type of Sobolev embedding.
After having established discreteness of the spectrum, the next question concerns the asymptotics of the eigenvalue growth. On manifolds the asymptotics of the eigenvalues are governed by Weyl's law or Weyl's asymptotics, which is again mathematical folklore in the compact case and also holds to some degree in the non-compact case (see [Che75, KLN17] ). In contrast, for graphs every asymptotics of eigenvalues is possible in the "very unbounded" case, see [BGK15] . Furthermore, in [GHK + 15, KLSW17] lower bounds on the eigenvalue asymptotics were given in the "very bounded" case.
The purpose of this note is to explore the asymptotics of eigenvalues for graphs, or, more generally, discrete measure spaces, under the presence of a Sobolev-type inequality and finite measure. As main results, we will prove lower bounds on the eigenvalues λ k of the form
for certain explicit constants C and c, and p being the exponent in the Sobolev-type inequality, see Theorem 1.6, 1.7 and 1.13. In particular, this extends the results of [GHK + 15, KLSW17].
In the continuum, the proof of the Weyl law relies on an analysis of the shorttime behavior of the heat kernel, which is quite different for graphs (see [KLM + 16]). Therefore this proof cannot be adapted to our setting. We adopt two strategies to prove our main results. The first one relies on elliptic methods. We use the ℓ ∞ -Sobolev inequality, finite measure and the discreteness of the space to prove the lower bound in Theorem 1.7. The other strategy uses parabolic methods. Following Cheng and Li [CL81] , we obtain the heat kernel on-diagonal upper bound via the ℓ p -Sobolev inequality, p ∈ (2, ∞], and derive the lower bound for the eigenvalue growth by considering the heat trace, see Theorem 1.13.
In contrast to the continuum case we show that in the discrete case one can not establish corresponding upper bounds. Specifically, one can achieve any eigenvalue growth by manipulating the measure, see Proposition 4.4.
The paper is structured as follows. In the next section we set the stage by introducing the basic notions and presenting the main results. These results can be separated into the cases p = ∞ and p ∈ (2, ∞). The first case, p = ∞, is proven in Section 2, and the second case, p ∈ (2, ∞), is proven in Section 3. Finally, in Section 4, we discuss the classes of canonically compactifiable and uniformly transient graphs. In this section we also discuss sharpness of our estimates.
Dirichlet Forms on Discrete Measure Spaces and Main Results
Let X be an at most countable set. Via additivity a function m : X −→ (0, ∞) is extended to a measure on X. We call the pair (X, m) a discrete measure space and write ℓ p (X, m) for the corresponding ℓ p -spaces and · p for their norms, p ∈ [1, ∞]. For p = 2, we denote the scalar product by ·, · .
A map C : C −→ C with C(0) = 0 and |C(s) − C(t)| ≤ |s − t| for s, t ∈ C is called a normal contraction. A densely defined, closed, real quadratic form Q on
In this paper we study the spectral theory of the self-adjoint positive generator L of Q which is uniquely determined by for all x ∈ X, and a function c : X −→ [0, ∞) is called a graph on X. We equip the set X with a measure m such that (X, m) is a discrete measure space. Then, there are two natural Dirichlet forms Q (D) and Q (N ) on ℓ 2 (X, m) that act on functions f in their respective domains as
For more details we refer to Section 4. Definition 1.2 (Sobolev inequalities). Let (X, m) be a discrete measure space and Q be a Dirichlet form on ℓ 2 (X, m). For any p ∈ (2, ∞], α ≥ 0, and o ∈ X, we say that Q satisfies a ℓ p α,o -Sobolev inequality if there is a constant S such that u
for all u in the form domain of Q. Using basically the same proof as in [KLSW17] we get the same lower bound in our more general situation. 
where λ k denotes the k-th eigenvalue of L counted with multiplicity.
Note that this result depends on the choice of the enumeration of the set X.
Using the same setting as in the theorem above, we will furthermore prove an eigenvalue estimate which is independent of the enumeration. After the theorem, we will discuss that both are complimentary results.
Theorem 1.7. Let (X, m) be a discrete measure space with finite measure m(X) < ∞. Let L be the generator of a Dirichlet form Q that satisfies a ℓ
Then, the spectrum of the generator L is purely discrete and for all k ≥ 1
where λ k denotes the k-th eigenvalue of L counted with multiplicity. (2) is better than (1) for 1 < a < 2, while the estimate (1) is better for a > 2. In particular, our estimate (2) is complementary to the estimate (4.3) proven in [KLSW17] . Remark 1.9. In Lemma 4.4 we will show that by Theorem 1.6, there is no general upper bound on the growth of the eigenvalues. In Riemannian geometry, Cheng and Li [CL81] used the heat kernel method to estimate the eigenvalues of the Dirichlet Laplacian on a compact manifold with boundary by the Sobolev constant. Following their geometric argument, we estimate the eigenvalues of the generator of a Dirichlet form that satisfies (S p ) for some p ∈ (2, ∞]. Theorem 1.13. Let (X, m) be a discrete measure space with finite measure m(X) < ∞. Let L be the generator of a Dirichlet form Q satisfying (S p ) for p ∈ (2, ∞]. Then, the semigroup (e −tL ) t>0 is trace class. In particular, the spectrum of the generator L of Q is discrete and for any k ≥ 1,
In particular,
For finite graphs, a similar result to the theorem above is proven in [CY95] . They use the geometric arguments of [CL81] , as well. However, for infinite graphs this yields a new class of graphs with purely discrete spectrum.
Eigenvalue estimates for p = ∞
In this section we prove Theorem 1.6 and Theorem 1.7. So, we are interested in Dirichlet forms that satisfy the Sobolev inequality in Definition 1.2 with p = ∞. We first show that an ℓ ∞ α,o -Sobolev inequality implies that the generator of the form has discrete spectrum. Proof. For all t > 0 we have
where the last inclusion is a consequence of the ℓ ∞ α,o -Sobolev inequality. An application of the closed graph theorem yields that e −tL is a bounded operator from ℓ 2 (X, m) to ℓ ∞ (X). Moreover, by the finiteness of the measure, we have a continuous embedding j of ℓ ∞ (X) in ℓ 2 (X, m). Hence, e −tL = je −tL is a composition of a continuous map from ℓ ∞ (X) to ℓ 2 (X, m) and a continuous map from ℓ 2 (X, m) to ℓ ∞ (X). Thus, e −tL is Hilbert-Schmidt by the Grothendieck factorization principle, see [Sto94] . Since t > 0 was arbitrary, we infer that e −tL = e tL is trace class as a product of two Hilbert-Schmidt operators.
The "in particular"-part is clear.
Proof of Theorem 1.6. We make use of the Courant-Fischer-Weyl min-max principle and the ℓ ∞ α,o -Sobolev inequality with constant S := S ∞,α,o (Q) and calculate
This concludes the proof.
Proof of Theorem 1.7. By Proposition 2.1 the spectrum of L is purely discrete. Let (φ j ) be an orthonormal basis of ℓ 2 (X, m) consisting of eigenfunctions of L corresponding to the eigenvalues (λ j ). For k ∈ N and β 1 , . . . ,
Now, fix x ∈ X and let β j = φ j (x). Then,
for every x ∈ X. Summing over all x ∈ X, we obtain
Therefore,
.
Eigenvalue estimates for p > 2
In this section, we use the approach of Cheng and Li [CL81] to estimate the eigenvalues of generators of Dirichlet forms that satisfy ℓ p α,o -Sobolev inequalities for p ∈ (2, ∞]. In particular, we prove Theorem 1.13.
Let Q be a Dirichlet form on ℓ 2 (X, m), L the infinitesimal generator, and e −tL the semigroup associated to the Dirichlet form Q. The heat kernel of Q is given by
The semigroup e −tL can be expressed in terms of the heat kernel as
We first show that (S ∞ ) implies (S p ) for any p > 2. 
Proof. For any p > 2, f ∈ D(Q), finiteness of the measure and (S ∞ ) yields
2 . This proves the proposition.
Adapting the strategy from [CL81], we derive from the Sobolev inequality (S p ) an on-diagonal heat kernel estimate that yields a lower bound on the eigenvalues.
Proof of Theorem 1.13. First let 2 < p < ∞. For x ∈ X, we write
We calculate the derivative of f . We have
since L is the generator of e −tL . Moreover, from e −tL 1 x ∈ D(L), we deduce Le −2tL 1 x = e −tL Le −tL 1 x and, thus,
Using the self-adjointness of the semigroup, we infer
for every t > 0. Thus, by Green's formula and the ℓ p -Sobolev inequality (S p ),
where we have used the Hölder inequality and the fact
in the last inequality. For p > 2, this implies that
Integrating the variable t from 0 to t on both sides, we have
This yields
where
. Summing over x ∈ X with weights m on both sides of the above inequality, we get
In particular, this gives x∈X y∈X tL is trace class as a product of two Hilbert-Schmidt operators. Hence, L has purely discrete spectrum.
We denote
By the trace formula for Hilbert-Schmidt operators and by the convexity of the function x → e −x , we calculate
This implies that for any t ≥ 0,
Minimizing the right hand side for t ≥ 0, i.e., setting t =
, we get
This proves the first assertion. The second assertion follows from λ k ≥ λ k .
Finally, we discuss the case p = ∞. By Proposition 3.1, the graph (b, c) over (X, m) satisfies (S p ) for every p > 2 with ℓ p -Sobolev constant
By passing to the limit, p → ∞, in the estimate we have proven above the result follows.
Application to graphs
In this section, we apply eigenvalue estimates to uniformly transient graphs and canonically compactifiable graphs respectively. For this, we recall some basics concerning Dirichlet forms on graphs. The articles [KL10, KL12] can serve as a reference.
Let X be an at most countable set. A graph over X is a 
We equip X with the discrete topology and denote by C(X), C c (X) for the space of all, all finitely supported functions on X. A central object in the analysis on graphs is the energy form associated with (b, c). It is defined as
The mapQ is a quadratic form with domaiñ
is called the space of functions of finite energy. A crucial property ofQ is that it is Markovian, that is,Q
for all f ∈ C(X) and all normal contractions C : C −→ C. Moreover, by Fatou's lemma,Q is sequentially lower semicontinuous with respect to pointwise convergence. For o ∈ X, define
It is easy to see that · o is a norm, and if (b, c) is connected, then · o and · o ′ are equivalent for any o, o ′ ∈ X and we denotẽ
Let m : X −→ (0, ∞) such that the pair (X, m) is a discrete measure space. The restriction Q (N ) ofQ to ℓ 2 (X, m) is a closed, densely defined quadratic form in ℓ 2 (X, m), called the Dirichlet form with Neumann boundary conditions. Accordingly, the restriction ofQ to C c (X) is closable in ℓ 2 (X, m), and its closure Q (D) is called the Dirichlet form with Dirichlet boundary conditions. It turns out (see [KLSW17,
We write L (D) and L (N ) for the generators of Q (D) and Q (N ) (which are positive operators on ℓ 2 ) and call them the Laplacian with Dirichlet respectively Neumann boundary conditions. For any closed quadratic form Q on ℓ 2 (X, m) we write · Q for the form norm given by The previous lemma combined with Proposition 2.1 immediately yields that on a uniformly transient graph the operator L (D) associated to Q (D) has purely discrete spectrum. Moreover, we can apply Theorem 1.7, which immediately gives the following corollary. 
where λ k denotes the k-th eigenvalue of L (D) counted with multiplicity.
Using Theorem 4.3 one can show that for a given graph (b, 0) and a given total mass of m, there is no upper bound on the growth of the eigenvalues of the Dirichlet Laplacian. 
Proof. We may assume without loss of generality that (a k ) is increasing and a k ≥ k for all k ∈ N. Let (x j ) be an enumeration of X and let
Then m is a probability measure (telescope sum) and
It follows from Theorem 4.3 that
By the previous lemma, there is no general upper bound for the eigenvalue growth of Dirichlet forms that satisfy a ℓ ∞ -Sobolev inequality. However, the next lemma shows that the linear growth is, in some sense, the best lower bound one can achieve. 
Proof. Let D > 0 be an upper bound on deg. Let x 1 , x 2 , . . . be an enumeration of X and let ε > 0 be arbitrary. We define m to be the finite measure given via m(x n ) = n
) . An easy calculation shows
). By the min-max principle we infer λ k ≤ µ k , where µ k denote the k-th eigenvalues of the multiplication operator by the function 2D/m on ℓ 2 (X, m). Moreover, by the definition of the measure, we infer
which concludes the proof. 
Canonically compactifiable graphs were first defined in [GHK + 15] under the slightly stronger hypothesis D ⊆ ℓ ∞ (X), which does not include the measure. There it was shown that that Laplacians on these graphs share indeed many properties with Laplacians on pre-compact manifolds with nice boundary. In [KS18] , non-linear equations were studied on these graphs using the condition including the measure as we have introduced it above. For Dirichlet forms Q 1 , Q 2 we write Q 1 ≥ Q 2 if D(Q 1 ) ⊆ D(Q 2 ) and Q 1 (u) ≥ Q 2 (u) for every u ∈ D(Q 1 ). From the definitions it is clear that Q (D) ≥ Q (N ) . In this section we want to study the growth of eigenvalues of the operators associated with Dirichlet forms Q satisfying Q (D) ≥ Q ≥ Q (N ) .
Note, that in [KLSW17] it was shown that canonically compactifiable graphs are uniformly transient. Hence, Corollary 4.2 and Theorem 4.3 can be applied to Q (D) . Therefore, we immediately have lower bounds on the growth of the eigenvalues of the Dirichlet Laplacian. However, on canonically compactifiable graphs every Dirichlet form between Q (D) and Q (N ) satisfies a ℓ ∞ α,o -Sobolev inequality. This is the content of the next lemma. The previous lemma combined with Proposition 2.1 immediately shows that on a uniformly transient graph the form Q (D) has compact resolvent. Moreover, we can apply Theorem 1.7 and Theorem 1.6, which immediately give the following corollaries. Proof. This follows by Theorem 1.6 and since Q satisfies a ℓ ∞ 1,x 1 -Sobolev inequality by Lemma 4.7.
